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Abst ract - - In  this work, the equations are proposed for magnetohydrodynamic (MHD) flows of an 
Oldroyd-B fluid through a porous medium. These equations give rise to a mathematical description 
in which a modified Darcy's law for an Oldroyd-B fluid is taken into account with Hall effects. This 
particularly happens when the magnetic field is high. Four flow problems are considered: 
(i) starting flow in a circular cylinder moving parallel to its length, 
(ii) starting flow in a circular pipe, 
(iii) generalized flow in a circular pipe, 
(iv) starting flow in a rotating cylinder. 
The problems valid for a small magnetic Reynolds number are solved analytically by applying the 
Laplace transform method. Graphical results for the velocity are presented and are discussed for 
various parametric conditions. ~) 2006 Elsevier Ltd. All rights reserved. 
Keywords - -Exact  solutions, Transient flows, Hall effect, Porous medium, Modified Daxcy's law. 
1. INTRODUCTION 
It is well known that the Newtonian fluids do not explain several phenomena observed for the 
fluids in industry and other technological applications. For this reason, many models mainly 
based on empirical observations have been proposed for these fluids. Due to complexity of fluids, 
there axe several constitutive quations in the literature. Amongst hese, special attention is given 
to the fluids of differential type [1] and those of rate type [2]. Rajagopal [3,4], Rajagopal and 
Gupta [5], Bandelli [6], Hayat et al. [7-9], Asghax et al. [10], Fetecau and Zierep [11], Fetecau and 
Fetecau [12,13], Erdogan [14,15], and Hayat and Hutter [16] have studied the interesting problems 
for the fluids of differential and rate types. In general, the rheological properties of such fluids lead 
to an increase in the order of the differential equation(s) characterizing the flow. The difficulty 
of having a higher order of the differential equation in the boundary value problem compared to 
the number of boundary conditions has been addressed in various ways in the literature. But 
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in spite of the spirited efforts by the researchers, no satisfactory corresponding extra boundary 
condition has been found that would render unique solutions to the flows involving non-Newtonian 
fluids. The detailed critical review on the boundary conditions, the existence and uniqueness of 
the solution has been given by Rajagopal [17,18], Rajagopal et al. [19], and Rajagopal and 
Kaloni [20]. 
Recently, with increasing interest in many engineering fields such as enhanced oil recovery, 
paper and textile coating, and composite manufacturing processes, it has become essential to 
have an adequate understanding of the rheological effects on the flow behaviour in the porous 
medium from the rheological point of view. We will consider an Oldroyd-B fluid [21]. The 
hydrodynamic flow of such fluid has many important industrial applications [22]. 
Our aim here is to extend the work of reference [10], and its main objective is to study the 
effect of Hall current on the transient flows through a porous medium in four problems. The 
Hall effect cannot be neglected when the strength of the magnetic field is strong. Also, the MHD 
flow of a non-Newtonian fluid through a porous medium is the basis of many scientific and en- 
gineering applications. All the flows in the present analysis are assumed to be stressed by an 
applied magnetic field of uniform intensity. The induced magnetic field is neglected by taking a 
very small magnetic Reynolds number [23]. The governing equations have been modeled using 
mass and momentum conservation laws and then solved using the Laplace transform method for 
small time. But to invert the Laplace transform is not a trivial matter. It has been shown by 
Bandelli et al. [24] that the method of Laplace transform does not work for a Rayleigh prob- 
lem involving second-grade fluid. They showed that the obtained solution does not satisfy the 
initial condition. This is due to incompatibility between the prescribed ata. Detailed discus- 
sion on this issue has been given by Bandelli [25], Bandelli and Rajagopal [26], and Hayat and 
Hurter [27]. 
2. DESCRIPT ION OF  THE BAS IC  EQUATIONS 
In our calculations, we shall assume that an Oldroyd-B fluid is incompressible whose constitu- 
tive equation takes the form 
T = -p I  + S, 
) [ )] S+A -~- -LS -SL  T -~# A I+O\  dt -LA1-A IL  T 
(1) 
(2) 
where T is Cauchy stress, p the isotropic pressure, I the identity tensor, S the extra stress 
tensor, d the material derivative, L the velocity gradient, L T the transpose of L, # the dynamic 
viscosity, t the time, A the relaxation time, and ~ the retardation time. The expressions for first 
Rivlin-Ericksen tensor A1 and L are 
A1 = L +L  T, L = VV, (3) 
in which V is the gradient operator, V the velocity of a fluid, and A > ~ > 0. The equations 
which govern the unsteady MHD flow with Hall effect may be written as follows. 
(a) MaxweU's equations: 
013 
divB = 0, curlB = #e J, curiE = - -~- ,  (4) 
where B is the total magnetic field so that B -- B0 + b, b the induced magnetic field, B0 
the applied magnetic field, E the electric field, #e the magnetic permeability, and J the 
current density. 
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(b) Generalized Ohm's law: 
J+ - -~-0  ( JxB)=a E+V×B+ Vp~ . (5) 
Here we is the cyclotron frequency of electron, % the electron collision time, ~ the elec- 
trical conductivity, e the electron charge, 1/ene the Hall factor, ne the number density of 
the electrons, and Pe the electron pressure. In the low magnetic Reynolds number consid- 
eration in which the induced magnetic field can be ignored and the imposed and induced 
electric fields are assumed negligible, equation (5) simplifies to 
aB2° V,  (6) 
J×B- -  1-ira 
where m (= w~-e) denotes the Hall parameter. 
(c) The equation of mass: the incompressible fluid can undergo only isochoric motions and, 
hence, 
div V = 0. (7) 
(d) The equation of momentum: 
dV 
p-~- = div T + J × B + R, (8) 
where p is the fluid density and R the Darcy resistance in the porous medium. 
In the porous medium, the constitutive relationship between the pressure drop and velocity for 
an Oldroyd-B fluid [28,29] is 
( I+AO)  Vp =-~ (1 +00)  V, (9) 
where ¢ is the porosity of the porous medium and k the permeability. For ), = 0 = 0, equation (9) 
describes the Darcy's law. Since the pressure gradient given in equation (9) is a measure of the 
resistance to the flow in the bulk of porous medium and R in equation (8) is interpreted as the 
flow resistance offered by the solid matrix, therefore, R through equation (9) satisfies 
From equations (6), (8), and (10), one can write 
(I0) 
= ~0 p( l+A~t)  dV~ (1+ ~)d ivT  
aB2°(l +im) (l + AO) V-~-Ck (1+00)  +m2 
Now we will discuss the four examples for flows mentioned in the abstract. 
(zz) 
3. START ING FLOW IN  A C IRCULAR CYL INDER 
Here, an Oldroyd-B fluid is taken in a circular cylinder. The fluid is initially at rest and then 
starts suddenly because of the motion of the cylinder parallel to its length. Choosing the z-axis 
as the axis of cylinder, the velocity may be written as 
v = (o, o, t)) ,  (12) 
272 T. HAYAT et al. 
in which w is the velocity component along the z-axis. Using the above expression, the equation 
of mass is identically satisfied and equation (11) gives 
oB~(l+im)p(1 + m 2) ( I+A~-)w- -~ (1 +8~- - )  w, (13) 
where v is the kinematic viscosity. To complete the formulation of the problem, we give the 
following boundary and initial conditions: 
~(a, t) = w, t > o, 
ow(o, t) 
Or - O, for all t, 
Ow(r,  O) _ w(r ,  O) = O, 0 < r < a, 
Ot 
(14) 
in which a is the radius of the cylinder and W the constant velocity at r = a. 
Introducing the dimensionless variables 
w r •t uA 
W* ~ : -- T~ - -  A- - -  W'  ~ a' a 2' -- a 2'  
a2, M = oa, /3 a, 
(15) 
the governing problem after dropping asterisks reduces to 
(1 + m 2) w, 
(16) 
w(1,~-) = 1, T > 0, 
Ow(O,'r)  = O, for all T, 
0¢ 
ow(~, 0) 
07 =w(~,0)=0, 0<~<1.  
(17) 
Recently, it has been shown by Erdogan [14,15] that velocity expression in series form for large 
times can also be used for small times or vice versa. Therefore, following the same idea, we 
present he solutions for large and small times. The solution for small time has been obtained 
using Laplace transform method. 
3.1. Large  T ime So lut ion  
For steady state, the velocity distribution is given by 
io(P~) 
w(~)- I0(p) ' ( is) 
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where 
IMP(1 + ira) +/~2] 1/5 
P= [ -~_~ 
and -To is the modified Bessel function of first kind of order zero. 
Let 
~(~, 7) =/o(P¢) 
~0(e) f(~,7), 
where f(~, 7) satisfies the following initial-boundary value problem: 
(1+A0-~)  0f  (1+O0-~)  ( 02f 1 
M2( l+im)  ( I+AO)  - f l2 (10  0 (1 + mS) f + b--;.) f' 
f(1,7) = O, 7 > O, 
Of(O, 7). = O, for all 7, 
o~ 
/(¢, 0) = Io(P~) 
Io(P) ' 
Of(~, O) _ O. 
07 
Now solving equations (20) and (21) we arrive at 
oo 
f(~, T) = ~ B,~Jo(A,~)Tn(7), 
n=l  
where J0 is the Bessel function of first kind of order zero and A,~ are the zeros of J0 and 
Tn(7) = 
DI= 
D2 ~-- 
D2 eDlr+ D1 
-- O1 -- D2 D1 - D~2 eD2r' 
(5~ - ?/~) + (~2 - ?/2)i  
2 
-(5~ + '71) - (62 + ?/2)i 
2 
(T/12 -- ?/2 -- ?/3) "1- V](?/2 - ?12 _ ?/3) 2 _~ (27.]1712 _ ?/4)2 
1/2 
52~- [ -(?/12-?/22-?/3) +i(?/!-?/~-?/3)2-~-(2t/1T]2-?/4)212 
M 2 ]1  
?/1= 1+(~2+~)o+1- - j~  X'
mM 2 
?/2 = A(1 + m2) ' 
4raM 2 
?/4 = A(1 + m2)" 
1/2 
(19) 
(20) 
(21) 
(22) 
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The values of B~ can be obtained by the initial condition for f(~, T). 
distribution takes the form 
~0(p~) ~ A . Jo (~.~)T . (~)  
W(~,T) -- Io(P) 2 E (23) n=l (p2 + A2)JI(An ) , 
where J1 is the Bessel function of first kind of order one. 
3.2. Small T ime Solut ion 
The Laplace transform ~ of w is defined as 
/J ff~(~, s) = w(~, T)e -~" dT. 
Therefore, equations (16) and (17) reduce to 
1 I ~" + ~ - q~ = 0, (24) 
1 
~(1, s) = - ,  
(25) 
d~(0, s) = 0, 
d~ 
where 
[ 1 { M2(1 + im) 08)/32 ,~ ] 1/2 
+ (I + + s(1 + As)~J q= ( l+Os)  (1+As) l+m2 
and primes denote the differentiation with respect o ~. 
The solution of equations (24) and (25) is 
Laplace inversion of equation (26) yields 
Hence, the velocity 
1 r/~+i~ Io(q~) eS~ ds. (27) 
w = ~ ~- io~ sIo(q) 
In equation (27), s = 0 is a simple pole. Therefore, residue at s = 0 is 
Io(P~) (28) 
Res(0) = Io(P)" 
The other singular points of equation (27) are the zeros of 
Io(q) = O. 
Setting q = iA, we find that 
J0(A) = 0. (29) 
If An, n = 1, 2, . . . ,  c~ are the zeros of equation (29), then sin and s2n are the poles. These are 
simple poles and the residue at these poles are 
Res(sln) = 2An(1 + OSln)e s~"r Jo(An~) 
sinll Ji(An) ' 
Res(s2~) = 2A~(1 + es2~)e  ~2~ J0 (~)  
s2~12 Ji (An) ' 
Io(q~) (26) 
slo(q) " 
where 
S ln  = 
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-[i + (A~ +/32)0 + ~]  i[ ~]2 -4A(  P2 + A2n) (i+m 2) j + 1+(),2 n+/~2)O+ (i+m2) J 
2A 
- [1+ ()~ +32) O + ~ ]  ([ ~ ] 2  - 4A(P2 + )~) (1+m2)  j - -  1 + (A~ + 32)0 + (l+m ) j 
s2~ = 2A 
M2(1 + im)A] ll---- l+2Asl ,~+(A2+/32)O+ -~m-~)  J '  
M2(1 + {m)A 1 t2= I+2A~,~+(;~+Z~)O+ -d¥~-~) J" 
Addition of Res(0), Res(sln), and Res(s2~) gives 
w(~,~')- Io(P~)io(P___~ + 2 ~=1  (1 + Osln)e sl"~slnl l  + (1 + Os2~)e s2" s2,~12 )~,~Jo()%~)yl(A~) (30) 
4. START ING FLOW IN  A C IRCULAR P IPE  
Here, the unsteady flow is considered when the fluid is in a circular cylinder. Initially, the fluid 
is at rest. An application of constant pressure gradient suddenly starts the motion. With the 
help of equations (11) and (12), the equation for such a flow is of the following form: 
I+AO0_~ OW pl dP + 1+0~ \Or2 + ;-~r ] 
GB2(l+im) ( I+AO) (1 0 
p(1 +m2 ) w - U~¢ k + O-~) w. 
(31) 
The appropriate boundary and initial conditions are 
w(a,t)- ow(o,t) Or = 0, for all t, 
o~(T, 0) _ ~(T, 0) = 0, 0 < ~ < a. 
Ot 
(32) 
Using the dimensionless variables defined in equation (15) along with 
z p, p 
Z*  = - - ,  = (~w/~) 
in equations (31) and (32), and then solving the resulting problem by employing a similar proce- 
dure as in previous ections, we have the following. 
4.1. Large Time Solution 
[ Io(P¢)] ~ f i  4(:~,,¢)T~(;) ldP l  +2 
w(¢, ~) = - p~ dz Zo(P) ~- f i  ¥ ~~" 
n=l  
(33) 
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4.2. Smal l  T ime So lut ion  
where 
~(~'~) = -~ ~ ~ to(p) } + s~(~-:--~2) ~ /o-T~)] 
( 
"JF 2~ZZ n=l ~ { (m H-~Sln)eSi~'rlll3 + (1+ es2")e'~"~ } J1 (A,,) 
(34) 
13= AsL+ l+oZ 2+ (1+~2) sL+P~sl. , 
14= As3~+ 1+•f l2+ ( l+m 2) ]s~"+p2s2n 
[ ,/f - 1+0/32_  0+m2) J +VL I+O/~ 2+ 0+m2) J -4Ap2 
sl --- 2A ' 
~ ]  - 1 + O~ 2 + (~-2 i7~]  - 4AP2 - l+e~ 2+ (l+m~) j 
s2 = 2A ' 
+ 1+O~ 2+ (l+m~) }s l+ 
ql = 1 + Os~ ' 
s~+ 1+O¢~ 2+ O+m~) ]s2+P2 
q2 = 1 + Os2 
5. GENERAL IZED FLOW IN  A C IRCULAR P IPE  
Here the flow geometry is same as in Section 4 except that the fluid motion now is due to 
a constant pressure gradient and by the motion of the cylinder. Using the same dimensionless 
variables as defined in Section 4, the governing problem takes the form 
~T ---- --d-~ \ 0~ 2 q- ~- ]  
(35) 
W(1,T) = 1, T > 0, 
Ow(O, r) 
- -  - 0, for all r, 0~ 
ow(~, 0) 
or -w(C0)=0, 0<~<1. 
For the above problem, the large and small times solutions are as follows. 
(36) 
5.1. Large  T ime So lut ion  
Io(P) /~2 ~zz 1 ~ j - 2 An(P 2 + A2)JI(An) ~z " (37) 
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5.2. Small T ime Solution 
~(~,~' )  = - -  
Io(P() dp[1  ( Io(P() ) 
Io(P) dz ~ 1 Io(P) + 
e ~" ( Io(q2~)~] 
n=l  S ln l  1 -t- 
+ 2dp ~. { (i + O~)e~o" 
dz nz-==l lil3 
e~" (1 ~0(q~)~ 
Sl(Sl-S2) ~ ] 
(1 + o~2~)e ~'~, ]. :~ Jo ( :~)  
s2,~Z2 S J1 (AN) 
+ (1 + ess~)e ~"  \ a Jo (X~)  
/-~ J J~ (A,) 
(38) 
6. START ING FLOW IN  A ROTATING CYL INDER 
Here we consider the fluid in a circular cylinder. The fluid is initially at rest and suddenly sets 
in motion due to rotation of the cylinder. For such flow, the velocity field is 
V=(O,v(r,t),O). (39) 
Substitution of the above equation into equation (11) yields 
-~ -~ = ~ 1+ N ~-g-~ + ~ o~ -~ 
aB2( l+ i rn ) ( l+AO)  (1 0 O)  
p(1 + m s) v - ~ + v. 
The boundary and initial conditions for the problem can be written as 
(4o) 
v(a, t) = f~a, t > 0, 
OKO, t) 
= 0, for all t, Or 
o~(r, o) _ v(~, o) = o, o < 7. < a, 
Ot 
(41) 
in which f~ is the angular velocity. Making use of dimensionless variables given in equation (15) 
together with 
v 
~* = ~,  (42) 
one produces the following problem after dropping asterisks: 
MS(l+im) ( I+AO)  v - ,2 ( I+O0)  
(1 + m 2) v, 
(43) 
v(1, r) = 1, ~- > 0, 
Or(O, ~-) _ O, for all % 
o~ 
ov(~, o) _ v(~, 0) = o, o < ~ < 1. 
0T 
The large and small times solutions of the above problem may be written as follows. 
(44) 
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Figure 2. Profiles of the normalized velocity w(~, ~-) for various values of i3 when 
~-=M= 1 andm=2are f ixed .  
6.1. Large T ime So lu t ion  
v(~,z)- Ii(P~)iI(p____~ + 2 °° AnJI(An~)T~(T) 
(p2 + A2)j0(An)' 
n=l  
where I1 is modified Bessel function of first kind of order one and An are the zeros of J1. 
(a5) 
6.2. Smal l  T ime So lu t ion  
v(~,~-)- Ii(P~)ii(P) 4 ~ { (1 + OSln)e 81~* + (1 + Os2n)e 82~* } AnJI(A,~) . (46) 
7.  D ISCUSSION OF  RESULTS 
In this section, we present the graphical illustration of velocity profile for different flows, namely, 
starting flow in a circular cylinder moving parallel to its length, starting flow in a circular pipe 
due to pressure gradient, and starting flow in a rotating cylinder. Special attention has been given 
to examine the velocity profiles for two kinds of fluids: a Newtonian fluid and an Oldroyd-B fluid 
for different values of Hall parameter m and the constant of porous medium /3 when T and M 
are fixed. 
Figures 1 and 2 are prepared to show the effects of Hall parameter m and the constant of 
porous medium/3 on the velocity profiles of the flow due to the motion of the cylinder parallel 
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(a) Newtonian fluid (A = O = 0). (b) Oldroyd fluid (A = 0.8, • = 0.1). 
Figure 3. Profiles of the normalized velocity w(~, ~-) for various values of 3 when 
~- --- M = 1, -~, = -2 ,  and rn = 0 are fixed. 
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(a) Newtonian fluid (A = ~ ---- 0). (b) Oldroyd fluid (A = 0.8, O = 0.1). 
Figure 4. Profiles of the normalized velocity w(~, ~-) for various values of g when 
~- ---- M = 1, dd-~z ---- --2, and m = 2 are fixed. 
to its length. From these figures, it is noted that with the increase of g, the velocity profile 
decreases for both a Newtonian fluid and an Oldroyd-B fluid. The effect of fl on the velocity 
profiles of a Newtonian fluid is prominent as compared to an Oldroyd-B fluid. Moreover, from 
these figures, it is found that with the increase of Hall parameter, the velocity profiles increase 
for both the fluids. The permeability of the medium plays a similar role on the velocity as that 
of Hall parameter. Furthermore, it is observed that the steady state for an Oldroyd-B fluid in 
porous medium is achieved earlier as compared with a nonporous medium. The time to achieve 
the steady state for a porous medium is about ~- -- 2.1 (when A -- 0.8, O = 0.1, m = M = 2, and 
/3 = 2), while for a nonporous medium it is about ~- = 3 (when A = 0.8, O --- 0.1, m = M = 2, 
and fl = 0). 
Figures 3 and 4 show the flow due to a constant pressure gradient in a porous medium and 
Figures 5 and 6 are depicted for starting flow in a rotating cylinder. In all these figures, it is 
observed that the effects of g and Hall parameter m are similar to that in Figures 1 and 2. For 
the case when the motion is generated ue to constant pressure gradient, it is noted that the 
steady state time for an Oldroyd-B fluid in a porous medium is about ~- -- 2.2 (when A --- 0.8, 
dp e = 0.1, m = M = 2, ~ = -2 ,  and fl = 2), whereas for a nonporous medium it is about ~- = 3 
(when A = 0.8, O = 0.1, m = M = 2, ~ = -2 ,  and g = 0). The time to reach the steady state 
for the flow due to the rotation of cylinder is about T -- 1.3 (when A -- 0.8, O -- 0.1, m = M -- 2, 
and fl = 2) in a porous medium, and for nonporous medium it is about T ---- 2.1 (when A = 0.8, 
O -- 0.1, m = M = 2, and g -- 0). It is further noted that steady state in case of Hall parameter 
is obtained much later than that when no Hall parameter is present. For the Hall parameter 
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Figure 5. Profiles of the normalized velocity v(~, r )  for various values of /3 when 
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Figure 6. Profiles of the normalized velocity v(~, ~-) for various values of /3 when 
~- -- M = 1 and rn = 2 are fixed. 
case, the steady state achieved is T = 1.3 when/3 = 2, whereas it is T = 0.8 when m ---- 0 and 
/3=2.  
8. CONCLUDING REMARKS 
In this study, a porous media model for an Oldroyd-B fluid is derived using modified Darcy's 
law. The modeled equation can be applied to problems with Hall effect. Four illustrative xamples 
have ,been chosen to discuss the flow analysis from the modeled equation. In each case, the 
analytical solutions have been obtained in closed form. The presented analysis explores the 
influences of Hall current, porosity, and permeability of the porous medium for the Newtonian 
and Oldroyd-B fluids. The obtained results illustrate the novel facets of the model and emphasize 
their importance. The results categorically indicate the following findings. 
• Increasing Hall parameter leads to an increase in the velocity for both Newtonian and 
Oldroyd-B fluids. 
• On the velocity, the influence of permeability of the porous medium is similar to that of 
the Hall parameter. However, the effect of porosity of the medium is quite opposite. 
• In the presence of a Hall parameter, the steady state is achieved much later when compared 
with the flows which hold in absence of a Hall parameter. 
• In a porous medium, the velocity profiles attain steady state much more quickly than 
those for a nonporous medium. 
• For m = /3 = 0, the obtained results correspond to the results of reference [10]. This 
provides a useful check. 
• The large time solutions (23), (33), (37), and (45) have been compared with the existing 
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solutions in the literature. It is noted that for M = fl = 0, solutions (23) and (33) 
reduce to equations (3.21) and (4.8) in reference [30], respectively. Moreover, solution 
(45) reduces to equation (31) in reference [31] when M = fl -- 0. It is further noted that 
solution (37) is the sum of solutions (23) and (33). 
• The small time solutions (30), (34), (38), and (46) do not satisfy the initial condition. This 
is not surprising since the problems for which the boundary data are incompatible do not 
admit smooth solutions that satisfy both the initial and boundary conditions [24-27] . 
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